Thermoelectric probe for neutral edge modes in the fractional quantum Hall regime 
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The u = 5/2 anti-Pfaffian state and the v — 2/3 state are believed to have an edge composed 
of counter-propagating charge and neutral modes. This situation allows the generation of a pure 
thermal bias between two composite edge states across a quantum point contact (QPC) as was 
experimentally established in Nature 466, 585 (2010). We show that replacing the QPC by a 
quantum dot provides a natural way for detecting the neutral modes via the DC current generated 
by the thermoelectric response of the dot. We also show that the degeneracies of the dot spectrum, 
dictated by the conformal field theories (CFTs) describing these states, induce asymmetries in the 
thermoelectric current peaks. This in turn provides a direct fingerprint of the corresponding CFT. 

PACS numbers: 71.10.Pm, 73. 21. La, 73.23.Hk, 73.43.Lp, 73.43.-f 



Introduction: — It has been thirty years since the dis- 
covery of the fractional quantum Hall effect (FQHE) [l| , 
yet even now this remarkable quantum regime contin- 
ues to give rise to some of the most fascinating collec- 
tive behaviors of electrons. Of particular interest are the 
non-Abelian states 0, whose underlying quasiparticles 
are predicted to obey non-Abelian braiding statistics [j- 
[^. A prime candidate is the plateau at filling factor 
v = 5/2, which may be described by the Pfaffian state [j] , 
or by its particle-hole conjugate, the anti-Pfafiian state 
( AFF) [y, 01 ■ Neutral edge modes are present in both of 
these non-Abelian states, for the former flowing "down- 
stream" along the direction of the chiral charge-carrying 
mode, and for the latter "upstream" in the opposite di- 
rection. The conformal field theories (CFTs) describing 
these edge states reflect the properties of the correspond- 
ing bulks, and contain signatures of their associated non- 
Abelian quasiparticles [2|, y] • 

Neutral edge modes are predicted to exist both in 
Abclian and non-Abelian quantum Hall states. An excit- 
ing development is the recent experimental detection of 
neutral edge modes using noise measurements [8|. The 
ideas leading to this breakthrough were theoretically es- 
tablished in two papers @, \1^ . Grosfeld and Das [l3| 
predicted that neutral edge modes can be thermally bi- 
ased by electrical means and then detected via noise mea- 
surements, while Feldman and Li [^ considered a non- 
equilibrium coherent neutral beam, also leading to an 
increase in noise. Due to the particular details of this 
measurement procedure, it is mostly sensitive to the pres- 
ence of an upstream neutral mode. Hence, its detection 
for filling factor v = 2/3 confirmed a long-standing pre- 



diction [11|,|12|; while its detection at v = 5/2 singles out 
the APFi|,U over the Pfaffian [l] and the 331 state ^ 
as the more promising description of the state. However, 
the measurement extracts no details about the particular 
field theory associated with the neutral edge state. 

In this Letter we propose a scheme (see Fig. [ij which 
can probe the presence and properties of an upstream 
flowing neutral edge using a thermoelectric measurement. 



A quantum Hall droplet is pinched using two quantum 
point contacts (QPCs) to form a quantum dot (QD). Two 
quantum Hall edge states, weakly coupled via electron 
tunneling to the left and right of the dot, are held at 
temperatures T^ and Tr. This temperature difference is 
generated by pure electrical means {Vb ^ 0) and depends 
on the ability to pump energy upstream via the neutral 
mode i, [IMl, i.e. Tl ^ Tr (at Va = Vc = 0) signals 
the presence of the neutral mode. We claim that this is 
a natural setup for a measurement of a thermoelectric 
effect. When an energy level of the dot gets slightly de- 
tuned from the chemical potential of the two reservoirs, 
electric current will flow through the dot since particle- 
hole (p-h) symmetry is broken. This results in a particle 
current emanating from the dot to one of the outgoing 
edge states and a hole current to the other (Eq. (O). 




FIG. 1: A quantum dot defined within two QPCs in a Hall 
bar geometry. The neutral (charge) modes are depicted by 
a dashed (solid) line. Charge flows anticlockwise. A voltage 
bias is imposed on B and a net current is collected at C. 

Furthermore, we show that the line shapes of such 
thermoelectric coulomb blockade peaks carry information 
about the spectrum of the edge state. The degeneracies 
of the resonant dot levels Pq (here a — 1,2,3,... is a 
numbering of the peaks), which are a direct reflection of 
the CFT describing the edge states [l9l - i21| , induce asym- 
metries in the thermoelectric current (Fig. [5]). The degree 
of asymmetry increases with the degeneracy of the levels 
in the dot. The patterns of degeneracies are given by 
Eq. (12) for !/ = 2/3 and Eqs. dSEl) for ly = 5/2. Hence a 
measurement of the degeneracies via the asymmetries has 



the potential to sharply characterize these edge states. 

Overview of the measurement scheme: — The main ele- 
ments in the setup depicted in Fig.[T]are: (i) the presence 
of a temperature gradient between left and right (L-R) ; 
and (ii) the presence of a QD with a given edge spectrum. 
Experimentally a thermal gradient that is not accompa- 
nied by a gradient in the electro-chemical potential can 
be created provided the neutral and the charge modes 
are counter-propagating [^, [l4| - [l7| . The upstream neu- 
tral mode is heated up when (anti-clockwise) current is 
injected through a ohmic contact (B) and then fully ab- 
sorbed by a nearby grounded terminal. The flow of en- 
ergy in the opposite direction is translated to an increased 
temperature of the neutral and charge modes after full 
equilibration. The emergent temperature bias is there- 
fore a direct fingerprint of the presence of an upstream 
mode in the external edge states. The role of the dot is to 
break the p-h symmetry of the system through the quan- 
tization of its energy levels. By controlling the position 
of the energy levels of the dot via a side gate (Vg), one 
can break p-h symmetry in a controlled manner hence 
generating a measurable current which switches sign as 
we sweep the level across the Fermi energy of the edge 
states. 

When both L-R (via temperature bias) and p-h sym- 
metries are broken thermoelectric response will en- 
sue [24I . The calculation of the thermoelectric effect pro- 
ceeds in three stages: First, we describe the theory of 
the edge state for 1/ = 2/3 and the Anti-Pfaffian v = 5/2. 
Then we calculate the energy levels and degeneracies. Fi- 
nally, we focus on a single (possibly degenerate) level and 
calculate the thermoelectric response through that level. 

Theory of the edge state: — Here we review the es- 
sential features of the edge theories for the states we 
consider (a more detailed exposition is presented in the 
supplementary). The v ~ 2/3 state and the v — 5/2 
APF state are naively expected to present edge theo- 
ries with counter-propagating charge modes @, 0, [ll|, |23| - 
|25[. However, random impurities along the boundaries of 
the sample introduce RG-relevant inter-mode tunneling 
that locally equilibrates the modes and drives the sys- 
tem to a RG-fi-xed point with the expected Hall conduc- 
tance and minimal fractional charge e* [0, 0, lll| . At the 
disorder-dominated phase the edge theories are ?7c(l) x G 
CFTs made of a chiral charged boson (/)p and counter- 
propagating neutral modes. The latter are described by 
G = SU{2)i and G = SU{2)2 CFTs ^iorv = 2/3 and 
the APF respectively. The algebra SU {2)i is realized by 
a neutral chiral boson c/)„ [ll|; SU {2)2 can be written as 
Isingx[/(1), with the U{1) part realized by the neutral 
boson (fn ■ The Ising part contains the fields Ijjt, cr with 
scaling dimensions 0, ^, ^ respectively [a. YA \2Q. \2l\ . 

Both ly = 2/3 and the APF at the disorder-dominated 
phases admit three quasiparticle fields with minimal 
conformal dimension and a multiplet of electron fields 
with the same total conformal dimensions h (reported 
in Tab. U) H 0, [H-H!]. We shall use the notation 
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TABLE I: The conformal data for the quasiparticles' and elec- 
trons' fields: total and neutral scaling dimensions h — hc + h„ 
and h„ = h(, q is the charge in unit of e*. 



?7i-indepcndent conformal dimension (£ and m denote 
the quantum numbers resulting from the SU(2) symme- 
try of the neutral sector, which is an emergent prop- 
erty of the edge theory near the disorder-dominated RG 
fixed point 0, 0, [HI 111). For the v = 2/3 state 
the quasiparticle fields are *^f^) == g±*0„/V2g»0p/V^ 

'^'^^ (0,0) ^ ' 

is written as ^" 



the doublet of electron fields 
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^i<i>pl\j2 aj^^ a triplet of electron fields is present: 
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The energy of the edge state depends on the quantized 
charge Qe = Ne + qe* present on the edge, on the vari- 
ation of the area of the fluid S ~ Sq with respect to its 
value at the center of the plateau {Q = N = 0, S = Sq), 
and on the neutral index £ through the neutral conformal 
dimension hi. The ground state energy is |2ll. [29l [3(j| 



E{Q,S,BJ) 



with ■ 
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to denote the quasiparticle/electron fields with 



-^^ the energy scales of the charge (neutral) modes, 
v the fractional part of v^ and (/jq the flux quantum. 

Calculation of degeneracies: — Due to the presence of 
the neutral modes, the bulk state and the number of 
electrons on the edge do not always fully determine the 
ground state of the edge. This is manifested by the pres- 
ence of several distinct electron fields that can tunnel 
into the dot at the point of lifting of the Coulomb block- 
ade |19l - [2ll I29I l30i] . and as we see in the next section, 
this will affect the shape of the Coulomb blockade peaks. 
Here we find the number of ground states as function of 
the number of electrons on the edge and bulk state. For- 
mally this pattern of degeneracies can be extracted from 
the edge partition function |19l - [2l| or directly by fusion 
of the operators [23, |3^ . In the following we will resort to 
the latter method. Necessary conditions are T <^ ^ and 
if- < it m H, 113. The p-h breaking is pronounced 
for T <C ^, while the constraint ^ < -^ guarantees 
that tunneling will involve the neutral mode, and hence 
be sensitive to the pattern of degeneracies. 

Consider the case of an APF droplet with an initial 
even number N of electrons and no quasiparticles in the 
bulk. In this state the edge is in the trivial ground 
state described by the unique identit y op erator / in both 
the charge and neutral sectors [2^, [30]. The incoming 



electrons carry a topological charge of (g — 4:,£ ~ 2). 
While the topological charge q is additive, the topolog- 
ical charge £ obeys the SU(2)2 fusion rules, for which 
2 X £ = 2 — i. We now consider changing the area of the 
dot S by means of a side gate until the system reaches 
the first intersection E{Q, S, B, £) = E{Q + 1, S", B, 2 - £) 
marking a Coulomb peak (the distance between peaks 
has been already evaluated in [21, 29 33j). Then, it be- 
comes energetically favorable to tunnel in one of three 
flavors of electrons '^% ., say ^% q-,, which consequently 
gets trapped in the dot. This means that at this first in- 
tersection, the degeneracy is 3. Next, we further vary the 
size of the dot until the next intersection is reached. Now 
the energy is minimized only if the electron entering the 
dot is the one described by the field \l/?2 q) that brings the 
neutral edge back to the trivial sector (similarly, "^^ ±) 
is necessarily followed by '$?2 t;-)). Consequently, there is 
no degeneracy in the choice of the electron fields. The 
pattern of the degeneracies as function of the electron 
number for this case is 1, 3, 1,3,.. .. For v — 2/3, in the 
absence of quasiparticles in the bulk, the edge is in the 
unique identity sector /. At the first intersection each of 
the two electrons ^n -t) niay enter the dot and the de- 
generacy is 2. Changing S further a second resonance is 
reached and the energy in Eq. ([T]) is minimized iff the in- 
coming electron has the opposite neutral charge (vj/^ ,); 
hence the degeneracy is 1. A similar analysis can be 
straightforwardly extended (see supplementary material) 
to the other cases and we obtain the following patterns 
of degeneracies: 

i/ = 2/3 1 i-^2i-^ Ih^ 2--- (2) 

APF-even 1 i-^ 3 k^ 1 k^ 3 • • • (3) 

APF-odd 2 h^ 2 h^ 2 h^ 2 • • • (4) 



corresponding to setting the Fermi level at the dot's edge 
state to zero. 

The tunneling coupling Tj^/ji between the dot and the 
L-R edges (see Fig. [1]) are taken to be weak F^,/;? <C 
T <Si Vc.n/R moreover electrical and thermal bias are 
small compared to the typical energy scale associated 
with electron states in the dot, i.e. eV,AT ^ Vc,n/R- 
Therefore, we can safely ignore contributions to the cur- 
rent coming from other electron levels except for the lev- 
els at resonance. Assuming a dot of radius 1/xm and 
Vn — 4: X lO^m/s [3J| the constraint T ^ Vn/R restricts 
the electron bath temperature to be T <C 30 niK. Elec- 
trons can tunnel into the dot iff the si de g ate is tuned 
such that E{Q,S,B) = E{Q + l,S,B) ^^ (neutral 
indices suppressed) and the Fermi level in the lead is in 
tune with the dot Fermi level [Sa, [3^ . Hence calculat- 
ing transport across the system is reduced to calculating 
current through a siiigle resonant level in the sequential 
tunneling regime |35l437l | . The state of the dot driven out 
of equilibrium can be discussed in terms of occupancy of 
the level, while transport across the system is expressed 
in terms of rate equations |35l . |36[ . 

As discussed earlier, the degeneracy Va of the electron 
addition spectrum depends on the parity of the electrons 
number N in the dot for both Hall states considered here 
(sec Eqs. (|2l3l4p ). However, multiple occupancies of de- 
generate levels are forbidden by charging energy [2^, Is^ . 
Hence the states of the level which participates in trans- 
port are the empty and the singly occupied states. For 
the general case of transitions between a Va-iold to Va+i- 
fold degenerate levels, with N and N +1 electrons in the 
dot respectively [initially all the levels are assumed to 
have the same tunnel rates F* to tunnel in (out)], the 
rate equation is given by 



Here APF-even and APF-odd denote the APF with an 
even and odd number of quasi-particles in the bulk. The 
presence of a finite temperature can drive the system 
slightly away from this RG fixed point providing a finite 
lifetime to the energy levels at the edge of the dot (as 
energy transfer between the neutral and charge modes 
becomes possible) [III, [T2[ • At the absence of any inter- 
mediate energy scales, and as long as T ^ Vn/R, the 
effects of degeneracy are robust. 

Thermoelectric response of a dot: — In order to analyze 
the response of the dot, let us first consider two terininal 
transport across a double QPC geometry embedded in 
a 1/ = 5/2 01 1/ ~ 2/3 quantum Hall liquid (see Fig. [ij. 
For v ~ 5/2, we assume that the gate voltages at the 
QPCs are tuned such that only the higher 17 = 1/2 edge 
is strongly backscattcred defining a QD with circulating 
V = 1/2 edge states. To have a concrete starting point for 
the transport calculation we assume that the magnetic 
field is tuned initially to the value at the center of the 
plateau and the number of electrons in the dot is divisible 
by 2. Hence, no quasiparticles are trapped in the bulk of 
the dot and the charge at the edge has been set to zero 



A =-VaT-Pi+Va+ir+Po, 



(5) 



where Pq is the probability of the dot's level to be empty 
while Pi is the probability that a single electron occupies 
the level, such that Pq + Pi = 1. Eqs. [5] can be solved 
in the steady state limit to obtain Pq = I)aT~ /{'DaT~ + 
Va+iT+) and Pi = Va+iT+fiVaT- +Va+iT+). The 
effective rates F* are sums of rate due to tunneling 
between the level and the left fJ and right edge F^: 
F* = rj -I- F^. Hence the tunneling current flowing 
from the left (right) edge into the dot is simply given by 
Ir/l = ie/(27r)Pojj/i where Pq.r/l can be extracted 
from R.H.S. of the first equation in Eq. [5] simply by first 
substituting F* = F^ -I- F^ and then collecting terms 
corresponding to F^ or F^. For algebraic convenience 
we choose a symmetric definition of current given by 
I={Il+ Ir)/2 = e/(47r) (Po,fl - A),l). 

Following Furusaki [33 the tunnel rates evaluated to 



lowest order in tunneling amplitude F^/^ are given by 



r± = TjiC^^^n-fR + T^e^ ^^L. 



IL 
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2TrT^ \ A J 



2/1-1 



rih + i 



e~eV5f,L 

2TTTf 



T{2h) 



(6) 



where f = L,R, Tl = T + AT and Tr = T are the tem- 
peratures of the left and the right edge respectively and 
e = E{N+1, S, B)-E{N, S, B). The linear response cur- 
rent can be obtained by expanding the above expressions 
to leading order in eT^ and AT as 



eToVa+i {ttT/A) 



2/1-1 



(2^)2 



r{2h) 



r(h + i 



2ttT 



^^+'^)^GrAT + GeV. 



(Po e-^) 
(7) 



where Pq = Va/iVa + T^a+i^^^^'^) is the equilibrium 
occupancy of the level, A is an energy cutoff, r(a:) is 
the Gamma function and assuming Tl = Tr = Fq. As 
direct consequence of the sequential tunneling regime, 
the occupancies Po,i s^re independent of whether the 
edge state is a Fermi-liquid {h = 1/2) or non-Fermi 
liquid {h ^ 1/2). The ratio between the maximum of 
thermoelectric Gt and the electric G coefficients at the 
peaks (sec Fig. [2]), is G^x^^/G""^^ ^ ^p„,x)„+i- For 

V = 2/3 we find kI'^^ = 0.85, kI'^ = 1.42 and for AFF 
K^PP = 0.76, K^t^ = 1.18, K^PP = 1.76. The abso- 
lute value of the ratio of height of the two lobes of the 
thermoelectric coefficient peak constitutes an alternative 
measure of the degeneracies Va- For v = 2/3 the ra- 
tio is 1.66 or its inverse depending on the parity of N 
(with {Va,Va+i) = (1,2), (2,1)). For APF in absence 
of quasiparticles in the dot the ratio is 2.31 or its inverse 
for consecutive peaks {{VaiT^a+i) = (1,3), (3,1)) and 
is one otherwise (X'a-i-i = T^a — 2). The conclusions of 
Eq. ([7|) remain intact also in the presence of more general 
tunneling processes that allow mixing of electrons with 
different neutral number [38| and different couplings to 
the leads as long as the tunneling matrices to the two 
leads are proportional (see supplementary material for 
details.) An alternative edge theory for v = 5/2 is given 
by the edge- reconstructed PF (RPF) [3^, in which an 
upstream neutral mode exists. Since the thermal Hall 
conductivity for RPF (APF) is 3/2 (-1/2) [7rfc^r/6], it 
is expected that the decay of the thermal current is faster 
(slower) with respect to i^ = 2/3 [401, leading to a dif- 
ferent functional dependence for AT on the applied V . 
Moreover, the APF and RPF edge theories are topolog- 
ically distinct 0, 0, [331 and their associated patterns of 
degeneracies are different. 

Discussion: — For a system of two electron reservoirs 
coupled through a QD, the degeneracy of a resonant en- 
ergy level in the dot manifests itself in two ways: first, it 
appears as a scale factor in the total current representing 
the number of independent channels for transport; and. 



v = 2l3 
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APF Odd 





FIG. 2: The plots of the electric (G) and thermoelectric (Gt) 
coefficients in red-dashed and blue-solid lines as function of 



B(S-So) 



, , for u = 2/3 and the APF for both even and 
odd number of quasiparticles in the bulk. The temperature 
is set to be T ~ <L0^ -^^ +i-„ „„..+™i „„i„„;+„ ;„ „, ^1. 



and the neutral velocity is v„ 
[G and Gt are plotted in identical arbitrary units] 
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second, via its appearance in the expression for the dot's 
occupancy. The latter has a non-trivial effect on electric 
and thermoelectric transport as we now describe. 

We first consider electric response (T^ 7^ 0, AT = 0). 
For Va = Va+i the center of the peak in the linear elec- 
tric coefficient G is at e = 0. However, when Va 7^ ^a+i, 
the peak is shifted to a finite value of e which depends 
on both Va, Va+i and T [20,133. This directly relates 
to the equilibrium probability for zero occupancy Pq: for 
T^a = 2?a+i, it is exactly 1/2 at resonance (e = 0) which 
leads to a maximum in current. However, when the sys- 
tem crosses between states with different degeneracies, 
detailed balance requires that Po{e — 0) ^ 1/2 hence 
the peak is shifted to a finite value of e. These consid- 
erations would lead to a shift of (TlnI?)/2 (i.e. half of 
the entropy associated with the degeneracy of the level) 
for the peak between states with degeneracy 1 and V for 
the simplified case of free electrons leads {h = 1/2). For 
our case of non-Fermi liquid leads, ^.-dependent terms in 
Eq. ([7]) will modify the formula for the shift. 

More pronounced consequences of the degeneracy oc- 
cur for the thermoelectric coefficient Gt {V — 0, AT 7^ 
0). The thermoelectric coefficient has an odd profile as 
long as Pq respects the p-h symmetry around the Fermi 
level of the lead with Tq = 1/2 for e = 0. This symmetry 
in Pq is lifted as we switch on a non-constant degener- 
acy and this results in an asymmetry between hole and 
particle currents, see Fig. [5J The presence of an asym- 
metry can serve as a direct measure of the presence of 
such degeneracies, and gives a local probe for the value 
of the degeneracy (while a measurement of the shift dis- 
cussed in the previous paragraph requires, for example. 



to measure the distance between two peaks at two differ- 
ent temperatures, which is expected to be more difficult). 
This is one of the central points of our letter. 

As discussed earlier both v = 2/3 and APF states have 
degeneracies in their spectrum for the addition of an ex- 
tra electron to the dot as given by Eqs. ()2|3l4p . The 
degeneracies depend on whether A^ is even or odd and, 
in the APF case, on the bulk charge. Hence in conclusion 
we predict that for both of these states the thermoelec- 
tric peaks will show strong disparity due to successive 
appearance and disappearance of the degeneracy. Fig. [5J 
but for the APF there are two distinct patterns depend- 
ing on the number of quasi-particles in the bulk. Note 
that the experiments reported in Refs. p, Il3 confirmed 
that both V = 2/3 and the APF have counter propagat- 
ing charge and neutral modes using charge noise mea- 
surement in a zero current situation. On the contrary 
our proposal is expected to produce a current signal via 
thermoelectric effect hence circumventing the need for 
a technically difficult noise measurement. Additionally 
it also provides unique direct information regarding the 



edge spectrum via degeneracy induced features in the 
thermoelectric current. 

Note: — After this manuscript has been posted on the 
web, an experiment carried out by I. Gurman, R. Sabo et 
al (Ref [4l[) was reported, in which our predicted ther- 
moelectric effect was observed. 
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Thermoelectric probe for neutral edge modes in the 

fractional quantum Hall regime 

supporting material 



S.I. ADDITIONAL DETAILS OF THE THEORY 
FOR THE EDGE STATES 



In this section we summarize the details of the edge 
theories used to derive the resuhs in the main text. 

The charge part of the edge theory is described by a 
chiral boson cj)p that reahzes a Uc{l) CFT (chiral Lut- 
tinger hquid) . Normahzation of (j)p is such that the elec- 



tronic charge density is given by pc 



v^ 



dx(t>p (with ly 



the fractional part of j^) [2|. The presence of a charge 
qe* {q an integer) in the bulk affects (pp via the boundary 
condition \/v{(j)p{2nR) — (/>p(0)) = 2TTqe*/e; here 2TrR is 
the length of the edges. Accordingly, the charge Qe as- 
sumes only discrete values Qe ~ Ne + qe* equal to the 
charge added to the edge of the fluid with respect to the 
value at the center of the plateau, Q = N = 0. If the area 
of the Hall fluid is shifted away from Sq, its value at the 
center of the plateau, by S ~ So, the charge Hamiltonian 

becomes Hi! = ^ J dx (d^cbp - ^^g;^"^ ) ' MM, 
with Vc the velocity of (pp. The ground state energy for 
an edge state with charge Q corresponds to uniform den- 



sity and is E,{Q, S,B)^^ (q 



T7B{S-So) 



Neutral modes introduce additional contributions to 
the energy 0, [HI, [H HO] ■ The f = 2/3 state supports a 
neutral chiral boson 0„ subject to the quantization con- 
dition V2{4>n{27TR) - (/>„(0)) = 27rZ [llj. The APF's 
neutral edge theory can be written as Isingx[/(1) whose 
boson ipn is subject to the constraint ipn{2T:R) — ipn{0) = 
ttZ [a, 0, [23] • In general, the Hamiltonian of the edge 
modes is proportional to the Casimir of the correspond- 
ing Virasoro algebra Lq [23: H^ = ^Lq. The eigenval- 
ues of i?^ are En ~ ^{Ki + k,), hn being the conformal 
dimensions of the primary fields [26l | reported in Tab. I 
in the main text and the positive integers k label excited 
states. Apart from the explicit dependence on R, the 
neutral modes arc assumed to be unaffected by varia- 
tions of the dot area. 

The total energy of the combined edge state depends 
on the charge Q and on the neutral index i. The ground 
state energy assumes the form of Eq. 1 of the main text. 



S.II. CALCULATION OF DEGENERACIES 

Here, we derive the degeneracies of the lowest Hall dot 
levels Da for consecutive tunneling of electrons for both 
1/ = 2/3 and the f = 5/2 Anti-Pfafhan (AFF) states. The 
degeneracies will be obtained from the grand-canonical 
partition function of the edge (Z) |19l - [2l| and also via 
the fusion of operators Q, [2^, [301 ■ The relevance of the 
degeneracies in Hall quantum dot (QD) physics was first 
pointed out by L. S. Georgiev |2C| . 

For completeness, we report the essential details of the 
conformal field theory (CFT) [2a] description for the bulk 
and edge of quantum Hall fluids [2, [3- The Laughlin 
states at filling factors ly ^ 1/p are described by a single 
charge chiral U{1) CFT with p primary fields e^'^'^p/'^, 
q = 0, • • • ,p — 1 and h = q^ /{2p). Other non-Laughhn 
states, including v = 2/3 and the APF, have more elab- 
orate effective descriptions composed of charge and neu- 
tral algebras. Moreover, electron fields have non-trivial 
neutral part that modifies the boundary condition (as re- 
ported in the main text) of (j)p. For v = 2/3 (APF), such 
condition admits p = 6 (p = 8) distinct primary fields 
with charges qe* and q = 0, • • • ,5 (7). The Abelian neu- 
tral algebra for v = 2/3, SU{2)-^, admits two primary 
fields / = V(£=o) == 6*0"^" and V(fci) = e±"^"/^, with the 
latter constituting two distinct primary fields V'(£=i,±) 
under the Virasoro Algebra obtained from SU{2)^. The 
overline indicates that the chirality of neutral modes is 
opposite with respect to the charge ones. The non- 
Abelian SU{2)2 algebra for APF admits three primary 
fields, with conformal dimensions {hn)f, = 0,3/16,1/2 
for £ = 0,1,2 respectively. We utilize the representation 
oiSU{2)2 =Isingx[/(l) MM where 



i'ie^ofi) = I 



ae 



2,±) 



r,±iVn 



V'(fcl,±) 

'/'(fc2,0) = 1P 



±iip„/2 



(S.l) 
(S.2) 



where a and tp are the spin and the Majorana fields of 
the the Ising CFT respectively. In general, i labels also 
the representation of the algebra ipi^e). The fusion rule 

V'(f) X ■0(^=2) = V'(2-f) of SU{2)2 is applicable here. The 
quasiparticles of the fluids are described by the product 
of primary fields in charge and neutral algebra ^(f,m) = 
'0(£ m)^''^'^''^^, respecting the condition that [t — g]2 = 
{i.e. € = gmod2) [|. 

We are going to introduce partition functions Z for 
droplets of Hall fluids [lO, [2ll [2Q| . The partition func- 
tions Z have been obtained by keeping a single chirality 
of the corresponding partition functions on the annulus 
geometry, where they respect modular invariance |26|. 
The energy of the edge states can be expressed through 
the Casimir operators of the algebras H^ ~ VcLq/R and 
H^ = VjiLq/R. The partition function is defined as 
Z(/3,^) = Tre-'^(^"+^")+'^^'5^ .^^^ere the trace is over 
the edge states respecting the boundary conditions fixed 
by the bulk quasi-particles. The possible boundary con- 
ditions are in correspondence with the edge topological 



sectors (or topological charges) [2, 3- Electron fields 
have trivial topological charge. Therefore, fields or edge 
states that can be obtained one from the other by fus- 
ing with electrons share the same topological charge: 
in this sense, the electron fields extend the chiral alge- 
bra [2, y, l2l|. Hence, for a given sector the partition 
function Z will be given by trace over all ground states 
(primary fields operating on the vacuum) corresponding 
to the sector and all excited states ( "descendant states" ) 
over these ground states. For the Jain states the topolog- 
ical charge q is the number of fractional charges — e* in 
the bulk modulo the electron charge, qMod{e/e*) p^ . 
In the APF state the topological charge is labeled by 
both the number of fractional charges q and the topo- 
logical number £ = 0,1,2 representing the non-Abelian 
charge in the droplets 0, lU, [30] ■ The expression of 
the partition function Z is expected to take the form 
Z(/3,/x) = ^^r',e-'5^=+'''5'3», where s labels all the pos- 
sible energy and charge eigenvalues. Therefore, T>s is the 
number of available states for the charge and energy la- 
beled by s. The neutral and charge contributions to the 
partition function Z can be collected in the form of char- 
acters, denoted Kq for the charge part and for the neutral 
part e^ for S'C/(2)\ and Xi for SU(2)^ algebras ^E^. 
The neutral and charge characters (defined in Ref. |26l |) 
are power series in e~^^"''=/^, respectively and are in one- 
to-one correspondence with the primary fields. The com- 
plete expression the partition functions Z for the ly = 2/3 
and the APF states are 

Z, =i^,(/3,Ai)e[,],(/3) -Kir,+3(/3,A^)e[,+i],(/3) , (S.3) 
Zl =if,(/3, ^l)xeiP) + Kq+4P, y)x^_,{P) , (S.4) 

respectively, where {p — 2e/e*) ^^ 

neglecting irrelevant coefficients at T ^ Vc/R- The fac- 
tor proportional to /i/3 is the charge Q = 2q/p + 2m and 
the sum over m in (jS.Sp counts the addition of two elec- 
tron charges. Hence, the first (second) term of R.H.S in 
Eqs. (|S.3IS.4p represents the contributions for even (odd) 
number of electrons TV added to the droplet's edge. We 
consider T ^ ^ < ^, therefore only the lowest energy 
states of the dot are accessible. The low temperature ex- 
pansion of the characters Qi{(3) and Xf(/3) hence encodes 
the information we seek and is given by V^e if'C'*"^/^^) 
where c is the central charge of the respective CFT [2a] . 
The degeneracies assume the values 2?£ = I + i with 
£ = 0, 1 for (^ = 2/3 and £ = 0,1,2 for the ly = 5/2 APF. 
The charging energy, assumed to be the largest energy 
scale, fixes the charge degeneracy to be one. 

The degeneracy patterns can be obtained from the par- 
tition function Z as follows [l9l - [2l| . Consider the APF 
dot with a given bulk topological charge: the edge will 
be in sector {q,£) such that the whole dot has trivial 
topological charge [30|. For ^ *C ^ < ^ the edge is in 



the state that minimizes the total energy E in Eq. (1) 
as function oi S — So for the given (g, i) of the edge. At 
5 — 5*0 — the lowest energy state appears in KgXi , that 
corresponds to iV = 0, and has degeneracy Vg. Charge 
fluctuations are suppressed until, acting with the side 
gate voltage, the system reaches the resonant point 5i 
s.t. E{q/4:,Si,B,£) = E{q/4+l,Si,B,2-e). The tun- 
neling of one electron is allowed, that gets trapped into 
the dot and the charging energy blocks further tunnel- 
ing [30]. Now, the edge is described by the second term 
in Eq. (|S.4p Kg+4X2-e '^ith degeneracy 'D2-e- Further 
variation of the size of the dot permits to reach a new res- 
onant point E{q/4+l, S2, B,2-£) = E{q/A + 2, 52, B, £) 
and the edge goes back into a state in KqXi CDi), and so 
on. The patterns of peaks is Vi M- 2?2-£ i— >■ 2?£ • • • and q 
independent; Eqs. (3,4) are recovered for both even and 
odd number of quasiparticles in the bulk (i.e. £ = and 
i = 1 respectively). The distance, on 5 axis, between 
the peaks is g iven by the equations of resonance as func- 
tion of 5 [2IJ, |30| which we repeat for completeness. For 
even number of bulk quasiparticles the distance between 
peaks are alternately A5i (with 2? = 3) and A52 (with 
I? = 1), with 



AS, = ^ f 1 + (-y V ^1 . 

' no \ ^ ' fc / 



(S.6) 



For odd number of bulk quasiparticles the peaks are all 
at distance A5 = e/riQ and with degeneracy V = 2. 

Next, we compute the same degeneracy patterns using 
the other method of the fusion of the operators. Let us 
first consider i/ = 2/3 QD with a quasihole with charge 
— e/3 in the bulk and 5 — 5o just big enough to accom- 
modate such charge. The edge is therefore labeled by 
q = 1 (with Q = e/3 on it). The most relevant term 
in the partition function Z at low T appears in the first 
term of (jS.3p A'i8i whose low temperature expansion 
gives I?i = 2. This is confirmed in the operator pic- 
ture: the edge's sector can be in both *?f j.) (suppose 
^?i+)) Virasoro representations with the same energy 
-B(1/3,5,B,1) = £;c(l/3,5,B) + f^. Varying 5, we 
get a resonant point and one of the two electron fields 



^li ±"1 (defined in the main text) can enter into the dot. 
From the fusion of the fields *^f ^^ • *^^ _) = e"^'^"/^ 
and *^f_^) • "^li^) = giy20„g»40p/y6 ^Q ggg tj^g^^. ^j^g 
minimum energy state is obtained only if the entering 
electron has opposite neutral charge with respect to the 
edge state, i.e. vj/^ The resonance is obtained at 

£;(l/3,5i,B, 1) = Ec{l/i+l,Si,B) andthe_dot is now 
described by the lowest energy state in Kij^^Qq for which 
2?o = 1- Following the tunneling, the neutral edge 
charge is trivial. The next resonance, 52, for which 
-Bc(l/3 + 1, 52, B) = E{l/2, + 2, 52, B, ±1), can receive 
equivalently both electrons: the second peak has I?i = 2. 
Indeed, e^^'t'p/^^ . ^t*^ have the same energy. The pro- 
cess can be repeated iteratively to obtain the pattern in 
Eq. (2) of the main text. Also for v ~ 2/3 there exist 
a modulation of the peaks' distance: the peak with de- 



generacy Di = 2 is followed by one at distance AS'i with 
I?o = 1 1 the third one will be at A5'2 with T>i = 2 and so 
on. For ly = 2/3, v„ in (jS.6P has to be substituted with 

Vn/2. 

The RPF state [33 is an alternative candidate to de- 
scribe the plateau dX v = 5/2. It is a derivative of the 
PF state in the presence of edge-reconstruction effects 
and admits upstream modes [39[. In the absence of in- 
teractions between counter-propagating edges the theory 
is described by an independent PF edge (going down- 
stream) with additional v = 1 modes propagating in op- 
posite directions, each admitting trivial degeneracy pat- 
terns |2l[ (the PF state, like all Read-Rczayi states pl| . 
has 2? = 1 for all peaks independently of the number of 
quasiparticles in the bulk) [21[. This leads to a degen- 
eracy pattern for the RPF which is independent of the 
presence of quasiparticles in the bulk. When interactions 
between edge states are switched on, the system may go 
into the Majorana-gapped phase [3^ , for which the third 
electron is gapped [33 (and therefore degeneracy V ~ "i 
can not be reached). This also results in a pattern of 
degeneracies that is different from Eqs. (3) and (4) in 
the main text. 

The analysis presented above can be straightforwardly 
extended to other states of interest, i.e. states for which 
upstream neutral modes and non-trivial sequences of de- 
generacies are expected, including the particle-hole con- 
jugate of the Jain series (at v — m/{2ms — 1)) |19l. |24|. 
anti-Read-Rezayi states [25[ and some of the Bonderson- 
Slingerland states jS2| . This may be particularly rele- 
vant for detecting the properties of the observed v = 8/3 
plateau |15| . 



The singular value decomposition guarantees that there 
are two unitary matrices U and V such that tij = 
{UDrAg{Ti,T2)V^)ij, hence Eq. (jS.7|) can be rewritten 
as 

i?^ = %((*=)!.. (*^)U),(I,%°)(:H^ +h.c.. 



where 



*? 



= Mj 



with A/dot = V, Mf = 



U. The case Tg/a ¥" Oi which we now analyze, describes 
tunneling through a resonant two-fold degenerate level 
with different couplings for the two species of electrons 
(multiple occupancies of the degenerate level is forbid- 
den). 

Similarly to the main text, the system is described by 
a rate equation. The probability that the level will be 
empty is Pq, while the probability that the "symmetric" 
("anti-symmetric") state will be occupied is Ps (Pa)- The 
rate equations are 



p. — — 



W'') Po + VK""Ps + W'^Pa 



Oa i 



W^'P, 



W'^Po 



(S.8) 



(Po + Ps + Pa = !)■ In the steady state limit (P^ = for 
X = 0, s, a) the solution of Eqs (jS.Sp reads 



Pn 



P, 



p^Oa^Os 



Pa = 






(S.9) 



S.III. THERMOELECTRIC RESPONSE OF A 

DOT IN PRESENCE OF MORE GENERAL 

TUNNEL RATES 

In the main text we solved the master equation for 
the steady state occupation of the dot for the case that 
the tunneling rates between the dot and the leads are 
equal and conserve the neutral charge (the leads and the 
dot are realized by separate quantum Hall droplets shar- 
ing the same state and filling factor v). Here, we con- 
sider more general tunneling processes [38| with mixing 
of electrons with different neutral number and demon- 
strate that their effect on transport through the dot is 
minor. For concreteness, we discuss the case oi v = 2/3 
close to the resonance between states with degeneracies 
1 and 2 respectively. 

The tunneling Hamiltonian between the left/right (/ = 
L/ R) leads and the dot can be written as 



Hf =%((*=)U, (*%,_,), {%\ %l) (*h),„,+ 



h.c. 

(S.7) 



where ki allows for different coupling strength for the 
left and right leads (we set fcjj = 1 and fc^ — k). 



The effective rates W^^ (which are analoguous to F^*^ 
in the main text) have contributions from the left and 
right leads W^^ = W^ + W^^ . Using the same methods 
,ext V 



R 

described in the main text we can define the current as 
e 



^--J-^"^'^ 



sO 



W^" - Wf)Po 



R - ^^ L 



+{W^f,' - Wl')P, + {W%^ - Wl'')Pa] (S.IO) 

We compute the current at linear order in AT and V . 
Following Ref. [33| the rates are given by a straightfor- 
ward generalization of Eq. (6) in the main text. 



W^' = Tj^e^^-f^jl + T^e' 



~lf 



W 



iO 



TrC ^7l? 



Tr. e 



e-eV .„ 



iL 



(S.ll) 
(S.12) 



The functions 7?^ are defined in the second hne of Eq. (6) 

j" = F^ (gen- 



eralizing T f in the main text, F 



as/a 



Ts/a) now de- 
pending on both the leads / and the channel of the 
dot. For the tunneling Hamiltonian considered here we 
have in equilibrium F^^ = |fcpF^^, therefore VF^^ = 

\k\'^W'^ = Jq^W^J'. Hence we see that with a more 
general tunneling matrix at the two barriers, at equilib- 



rium, Pq 



l+2cxp[-£/T„J 



which coincides with the result 



in the main text. Under similar conditions, for the case of 
2?-fold degenerate level tunnel-coupled to T) channels in 
the lead with a general tunnel-matrix, Pq in equilibrium 
is given by Pq = i i-poxp f -e/T 1 '^here all the eigenvalues 
of the tunneling-matrix have non- vanishing values. This 
implies that the effect of degeneracy to lowest order in 
tunneling in the linear response limit is independent of 
the details of the tunneling matrix as long as all the eigen- 
values of the tunnel-matrix are non-zero. The expansion 
at linear order in V and AT of Eq. (jS.10|) generates three 
type of terms given by the expansion of (i)/(ii) the de- 
nominator/numerator of the rates Px=o,s,a\ and (iii) the 
expansion of the difference of rates Wr — Wl- After 
some algebra one can deduce that the sum of type (i) 
terms vanishes. Type (ii) terms contribute a term which 
is proportional to 1 — |fcp hence vanishes for a symmetric 



dot. The final result is 



1=1 



l-\k\ 



2|/cP 



eifcpn° 



r?f) 



(27r)2r(2/i) 



rr\ 2/1-1 



i-O'+'sIf)! (« 



^0 e 



e AT 
2T~ 



eV 
2T 



with Pq the occupancy at equilibrium and here we set 
Tji ~ T. This result coincides with the result of the main 
text (up to a proportionality factor). Hence, we show 
that our prediction of degeneracy induced asymmetry in 
the thermoelectric current is robust against presence of 
electron tunneling involving neutral charge non conserv- 
ing processes. 
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